Abstract. In this paper, we study the Ricci flat manifolds with maximal volume growth using Perelman's reduced volume of Ricci flow. We show that if (M n , g) is an noncompact complete Ricci flat manifold with maximal volume growth satisfying |Rm|(
Introduction
Let (M n , g) be a complete n-dimensional manifold. Denote Rc be the Ricci curvature of (M n , g). The manifold (M n , g) is call the Ricci flat manifold if it satisfies Rc ≡ 0. It has been an important question to study Ricci flat manifolds both in Riemannian geometry and physics. In physics, the Ricci flat manifolds represent vacuum solutions to the analogues of Einstein's equations for Riemannian manifolds of any dimension, with vanishing cosmological constant. The Calabi-Yau manifolds, which are a special case of Ricci flat manifolds, play the important role in certain branches of mathematics such as algebraic geometry, as well as in theoretical physics. Especially in superstring theory, the extra dimensions of spacetime are conjectured to take the form of a 6-dimensional Calabi-Yau manifold. We focus our attention on noncompact Ricci flat manifolds in this paper. There are many examples of Ricci flat manifolds and one may see [11] , [12] , [13] , [15] , [22] , [23] , [28] and the references therein for more information. Definition 1.1. We say the noncompact complete manifold (M n , g) has quadratic curvature decay if
where |Rm| is the norm of curvature tensor Rm, C is a finite constant and d(x) = d g (p, x) for some fixed point p ∈ M n .
The topology of the manifolds with quadratically curvature decay was also studied by many geometrists. It should be point out first that quadratic decay of curvature has no topological meaning since M.Gromov [9] showed that any connected smooth paracompact manifold has a complete metric with quadratic curvature decay (also see [17] ). However, an interesting result proved by U.Abresh [1] that a complete manifold has finite topological type if its curvature decays faster than quadratically, i.e
−2−ǫ ) for some ǫ > 0. Here a manifold M n is said to have finite topological type if there is a compact domain Ω whose boundary ∂Ω is a topological manifold such that M\Ω is homeomorphic to ∂Ω × [0, ∞). Thus, there exists a critical rate of curvature decay, the quadratically curvature decay, around which the situation changes completely. Then J.Sha and Z.Shen [26] proved that a complete manifold with quadratic curvature decay has the finite topology type if it has nonnegative Ricci curvature and maximal volume growth, where we use the following Definition 1.2. We say the noncompact complete manifold (M n , g) has maximal volume growth if
for some p ∈ M n , where α M is a constant and ω n is the volume of unit ball in R n .
In [17] , J.Lott and Z.Shen also obtained that a complete manifold with quadratic curvature decay has the finite topology type if vol g (B(p, r)) = o(r 2 ) as t → ∞ and M n does not collapse at infinity, i.e. inf x∈M vol g (B(x, 1)) > 0. The aim of this paper is to study on what conditions can guarantee the Ricci flat manifolds have the quadratic curvature decay? In [7] , J.Cheeger and G.Tian proved that a 4-dimensional noncompact complete Ricci flat manifold with its curvature in L 2 has the quadratic curvature decay. Another result in this direction is the following theorem, proved by S.Bando, A.Kasue, H.Nakajima [3] : an n-dimensional noncompact complete Ricci flat manifold M n with maximal volume growth satisfying
has faster than quadratic curvature decay, i.e |Rm|(x) = O(d(x) −2−ǫ ) for some ǫ > 0. A similar result without assuming maximal volume growth also obtained by V.Minerbe [18] .
Our main result in this paper is the following 
on the Ricci flat manifold (M n , g) with maximal volume growth (see [6] ). So it follows from Theorem 1.3 that the conditions (1.1), (1.4) and (1.5) are equivalent to each other on Ricci flat manifolds with maximal volume growth.
As the applications to Theorem 1.3, the condition (1.1) can be replaced by apparently weak condition (1. 
) has the finite topological type. Remark 1.6. In [2] , M.T.Anderson, P.B.Kronheimer, C.LeBrun constructed an example that there exists a complete Ricci-flat kähler manifold which has the infinite topological type.
In [6] , J.Cheeger and G.Tian studied the cone structure at infinity of Ricci flat manifolds with maximal volume growth and quadratic curvature decay. Let (M n , g) be the manifold with nonnegative Ricci curvature and maximal volume growth. Then (M n , r −2 i g, p 0 ) subconverges in the pointed GromovHausdorff topology to a length space M ∞ by Gromov's compactness theorem, where p 0 ∈ M n and r i → +∞. Moreover, M ∞ = C(N n−1 ) is a metric cone [4] . Note that M ∞ may not unique [25] . However, J.Cheeger and G.Tian [6] proved that M ∞ is unique if (M n , g) is a Ricci flat manifold with maximal volume growth and the cone M ∞ is integrable (see Definition 0.11 in [6] 
The main tool for the proof of Theorem 1.3 is the Perelman's reduced volume for the Ricci flow. In [24] , Perelman introduced the reduced entropy (i.e. reduced distance and reduced volume), which becomes one of powerful tools for studying Ricci flow. Let g(τ) solves the backward Ricci flow
. Fix p ∈ M n and let γ be a path joining (p, 0) and (y, τ). Then the L-length is defined in [24] as
Denote L p (y, τ) be the length of a shortest L-length joining (p, 0) and (y, τ).
be the l-length joining (p, 0) and (y, τ). Perelman's reduced volume is defined as
Perelman [24] showed that the reduced volume defined in (1.8) is monotone non-increasing under the backward Ricci flow (1.6) and the Ricci flow is a gradient shrinking soliton if V p (τ) is independent of τ (also see Theorem 2.2). We remark that
and
dvol g (y), (1.10) for the static Ricci flow on the Ricci flat manifold (M n , g). At first sight, it seems difficult to study the geometric and topological properties of Ricci flat manifold by using Ricci flow since the Ricci flow is static on such manifold. However, since the Ricci flat shrinking soliton must be isometric to R n (see Lemma 7.1 in [20] ) and by Theorem 2.2, we see that Perelman's reduced volume (1.10) on the Ricci flat manifold (M n , g) is strictly decreasing under the static backward Ricci flow unless (M n , g) is isometric to the Euclidean space (also see Lemma 8.4 in [10] ). Then it gives a light on that we may study the Ricci flat manifolds using the Perelman's reduced volume for Ricci flow.
The organization of the paper is as follows. In section 2, we recall some basic facts of Ricci flow, which will be used in the proof of Theorem 1.3. In section 3, we give the proof of Theorem 1.3.
preliminaries
In this section, we recall some basic facts of Ricci flow, which will be used in the proof of Theorem 1.3. First, we need the following gradient estimate for Ricci flow proved by W.X.Shi [27] . 
we have
) and t ∈ (0, T ].
In [24] , Perelman proved the reduced volume defined in (1.8) has the following properties (also see [14] and [19] ): Finally, we need following point picking lemma used by Perelman [24] (also see Corollary 9.38 in [19] or [14] ). (
Theorem 2.2. [24] Fix some point p ∈ M n . The reduced volume defined in (1.8) is monotone non-increasing under the backward Ricci flow (1.6) and
V p (τ) ≤ lim τ→0 V p (τ) = 1. If V p (τ 1 ) = V p (τ 2 ) for some 0 < τ 1 < τ 2 ,1) f (q) ≥ f (p); (2) Setting α = f (p) f (q) , we have d g (p, q) ≤ 2r(1 − α) and f (q ′ ) < 2 f (q) for all q ′ ∈ B g (q, αr).
proof of the main thoerem
Before present the proof of Theorem 1.3, we need the following 
Proof. We take the subsequence {q ′ i } of {q i } as the following way. Let q
) for i ≥ 2. Then we get a sequence of balls {B i } such that B j ∩ B k = ∅ for j k and B i+1 ⊂ B g (p, 2d i+1 )\B g (p, 2d i ). Hence we have max 
Since the injectivity radius of q ′ i goes to infinity, the radius of B i goes to infinity and max 
) and f = |Rm| 1 2 (·, 0). Now we use the technique of point picking due to Perelman [24] . Applying Theorem 2.3 to B i and f , we obtain that there exists y i ∈ B i such that
). Note that we still have d
. Then by Lemma 3.1, we conclude that there exists a subsequence {y
where
is the reduced volume of (M n , g(τ)) based on point y 
